
The Confidence Interval
Finally, we can start making decisions!



Reminder

The Central Limit Theorem (CLT)

The mean of a random sample is a 
random variable whose sampling 

distribution can be approximated by a 
Normal model. The larger the sample, 
the better the approximation will be.



Still true

The 
Population 
of Interest

The Sample

Sampling Model



Where the CLT 
is used now!

We should not be surprised if 95% of 
various polls gave results that were near 
the mean but varied above and below 
that by no more than two standard 
deviations. 

This is what we mean by sampling error. 
It’s not really an error at all, but just 
variability you’d expect to see from one 
sample to another. A better term would 
be sampling variability.



As usual, 2 
types of data

Categorical

Quantitative



Categorical First up, categorical data.



Assumptions

Assumptions
Independence – Do we have good 
justification to believe samples 
are independent? What is it?



Conditions

Conditions
Randomization – do we have 
random samples?

n<10% of population (is our 
sample too big?)

Success/Failure (is our sample too 
small?)
np≥10 AND n(1-p)≥10 



One-
Proportion z-
Interval

 When the conditions are met, we are ready to 
find the confidence interval for the 
population proportion,  𝑝.

Interval=  𝑝 ± 𝑧∗ ∙ 𝑆. 𝐷. (  𝑝)

Where the critical value, z*, depends on the 
particular confidence level, C, that you want.
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One-
Proportion z-
Interval

Interval=  𝑝 ± 𝑧∗ ∙
 𝑝 1 −  𝑝

𝑛

Where the critical value, z*, depends on the 
particular confidence level, C, that you want.

Slide 19 - 10



Quantitative Next up, quantitative data



A historical 
digression

William Sealy Gosset

1836-1937

Had a GREAT job.



What a job

Guinness Brewery brew-
master in charge of quality 
control so Guinness had 
exactly the same flavor, 
color, alcohol content, etc.



Really, not 
kidding.

No joke. One of the very crucial, 
important, and most useful models 
in statistics was created because of 
making better beer.



They take their 
beer very 
seriously in 
Ireland.

He found that the z* formula gave him 
much too narrow of an interval. 

His model was wrong and NOT USEFUL. 
So he created a completely new model.

The Student’s-t model. 



Gosset’s t

 The Student’s t-models form a whole 
family of related distributions that 
depend on a parameter known as degrees 
of freedom. 
 We often denote degrees of freedom as

df, and the model as tdf. 



The t-statistic
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The t-statistic (t-score) is 
calculated the same as the z-
statistic (or z-score), but uses the 
Central Limit Theorem!

𝑡 =
 𝑥 − 𝜇
𝑠
𝑛
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The t-
distribution

 As the degrees of freedom increase, the t-
models look more and more like the Normal. 

 In fact, the t-model with infinite degrees of 
freedom is exactly Normal.



Assumptions 
for 1 sample t 
interval

Assumptions
Independence – Do we have good 
justification to believe samples 
are independent? What is it?



Conditions

Conditions
Randomization – do we have random 
samples?

n<10% of population when we draw 
w/o replacement (is our sample too 
big?)

Is our sample Large Enough to be 
Nearly Normal? (n>30 usually is but 
graphing the info is a better check.)



1 sample t
interval

When the conditions are met, we are 
ready to find the confidence interval for 
the population mean, μ. 

interval =  𝑥 ± 𝑡𝑛−1
∗ ∙ 𝑆. 𝐷.  𝑥

The critical value 𝑡𝑛−1
∗ depends on the particular 

confidence level, C, that you specify and on the 
number of degrees of freedom, n – 1, which we 
get from the sample size. 



1 sample t
interval

interval =  𝑥 ± 𝑡𝑛−1
∗ ∙

𝑠

𝑛

The critical value 𝑡𝑛−1
∗ depends on the particular 

confidence level, C, that you specify and on the 
number of degrees of freedom, n – 1, which we 
get from the sample size. 



ENOUGH 
Theory, just 
tell us how to 
do the 
problems!

Guess what the first step to doing the problems 
is?

Yup, you guessed it:

Categorical 

Quantitative 

data is how we decide which to use!



Don’t P.A.N.I.C 
at Confidence 

Intervals

P: Parameter: State your parameter, whether 
it is a mean or a proportion in context.

A: Assumptions: Check all 4 of your 
assumptions: Check the R.I.M.M.

N: Name: your Confidence Interval, do the 
math

 I: Interval: Write the answer in interval 
notation

C: Conclusion: in context of the problem.



Categorical CI

 In 1998 a San Diego reproductive clinic reported 49 live births 
to 207 women under the age of 40 who had previously been 
unable to conceive, and claimed a 25% success rate. Give a 
90% confidence interval for the success rate at this clinic, and 
determine if their claim is justified.

 P: The question gives a proportion, p, of live births, with 
p=49/207 = .2367

 A: It is reasonable to assume that the conceptions are 
independent but not random, but I will assume the births are 
representative of the population. n=207 < 10% of all such 
conceptions in San Diego per year, and np=207*.2367=49 >10.  
nq =207*.7633 =158 > 10.



Categorical CI

 In 1998 a San Diego reproductive clinic reported 49 live births 
to 207 women under the age of 40 who had previously been 
unable to conceive, and claimed a 25% success rate. Give a 
90% confidence interval for the success rate at this clinic, and 
determine if their claim is justified.

 N: Therefore, a 1 proportion z-interval may be used.

 𝑝 ± 𝑧∗ 𝑝(1−𝑝)

𝑛
=

49

207
± 1.645

49

207
⋅
158

207

207
= .2367 ± .048596

 I: (.188, .285)



Categorical CI

 In 1998 a San Diego reproductive clinic reported 49 live births 
to 207 women under the age of 40 who had previously been 
unable to conceive, and claimed a 25% success rate. Give a 
90% confidence interval for the success rate at this clinic, and 
determine if their claim is justified.

 C: About 90% of random samples of size 207 will capture the 
true proportion of women under 40 who will conceive in this 
clinic. The interval is (.188, .285), and since the claim of 25% 
(.25) is within the interval the data does not refute their claim. 
Therefore, their claim is justified.



Quantitative CI

A sample of Alzheimer's patients are tested to assess the amount of time in 
stage IV sleep. It has been hypothesized that individuals suffering from 
Alzheimer's Disease may spend less time per night in the deeper stages of 
sleep. Number of minutes spent is Stage IV sleep is recorded for sixty-one 
patients. The sample produced a mean of 48 minutes (S=14 minutes) of stage 
IV sleep over a 24 hour period of time with a normal distribution. Compute a 
95 percent confidence interval for this data. What does this information tell 
you about a particular individual's (an Alzheimer's patient) stage IV sleep?

P: The parameter of interest is the minutes of stage IV sleep of 
Alzheimer’s patients; mean = 48 minutes.

A: There is reason to believe that the sleep of one patient is 
independent of the others, but the sample is not random but 
volunteer. We can assume this sample is representative of the 
population to compensate. n<10% of the population, because 
there are more than 610 Alzheimer’s patients, and normality is 
given.



Quantitative CI

A sample of Alzheimer's patients are tested to assess the amount 
of time in stage IV sleep. It has been hypothesized that 
individuals suffering from Alzheimer's Disease may spend less 
time per night in the deeper stages of sleep. Number of minutes 
spent is Stage IV sleep is recorded for sixty-one patients. The 
sample produced a mean of 48 minutes (S=14 minutes) of stage 
IV sleep over a 24 hour period of time with a normal distribution. 
Compute a 95 percent confidence interval for this data. What 
does this information tell you about a particular individual's (an 
Alzheimer's patient) stage IV sleep?

N: This is a one sample t-interval

I:  𝑥 ± 𝑡∗
𝜎

𝑛
= 48 ± 1.671 ∙

14

61
= 48 ± 2.000 ∙ 1.79252 =

48 ± 3.585

Interval = (44.415, 51.585)



Quantitative CI

A sample of Alzheimer's patients are tested to assess the amount 
of time in stage IV sleep. It has been hypothesized that 
individuals suffering from Alzheimer's Disease may spend less 
time per night in the deeper stages of sleep. Number of minutes 
spent is Stage IV sleep is recorded for sixty-one patients. The 
sample produced a mean of 48 minutes (S=14 minutes) of stage 
IV sleep over a 24 hour period of time with a normal distribution. 
Compute a 95 percent confidence interval for this data. What 
does this information tell you about a particular individual's (an 
Alzheimer's patient) stage IV sleep?

C:  About 95% of random samples of size 61 will capture the true 
mean minutes of type IV sleep of Alzheimer’s patients. The 
interval is (44.415, 51.585), which means 95% of the time, 
samples of size 61 will capture the true mean between 44.415 
and 51.585 minutes of type IV sleep.


